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Abstract. Refinement is used as a way to verify an implementation with
respect to a specification. States of related systems are linked through a
so called gluing invariant which remains always true during the synchro-
nous execution of both systems. Refinement is a sufficient condition for
this property. Retrenchment is a generalization of refinement which re-
lax the constraints between both systems. This paper propose a temporal
logic counterpart for some specific forms retrenchment.

1 Introduction

Usually, the correctness of an implementation with respect to a specification is
defined by the inclusion between the set of concrete traces allowed by the behav-
iors of the implementation and the set of abstract traces allowed by the abstract
specification. Refinement |3, 6] is a sufficient condition for trace inclusion. It is
specified using a gluing invariant relating the state space of abstract and con-
crete machines. Refinement establishes by induction that the gluing invariant is
always true. With respect to temporal logic, such a property can be seen as the
expression of a strict synchronization between the abstract specification and the
concrete implementation. If we ignore stuttering steps, the abstract specification
and the concrete implementation appear to be working in a lock step way.

Retrenchment [4] is a weakening of refinement that first allows input/output
conversions and second does not enforce a strict synchronization between the
abstract specification and the concrete implementation. Actually, it does not
require the preservation of the gluing invariant at all. In general, no temporal
counterpart of the always nontrivially valid property associated to refinements
exists for retrenchments.






























4.2 The state machines

The state machine use three state variables corresponding to the inputs, the out-
puts and the internal state of the machine. The abstract and concrete behaviors
are defined using the relational operators. The Next transition applies one of
the previously defined operators. As usual, the specification of the behaviors of
the machine is defined using the temporal operator O stating that consecutive
values of legal traces satisfy the Next relation.

The abstract machine The abstract machine use state variables i, U, o to
represent its inputs, its internal state and its outputs.
MODULE abs

EXTENDS abs_ops
LOCAL INSTANCE Bags
VARIABLES ¢, U, o

Init = init(U)

Put = put(i, U, UYANi' =iNo =0
Get = get(U, U', o)Ni' =i
Diff = diff (i, U, U', ') Ai' =i

Next = PutV GetV Diff
Init A O[Next] i, v, o)
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The concrete machine The abstract machine uses state variables j, V, p to
represent its inputs, its internal state and its outputs.
MODULE conc

EXTENDS conc—ops, Sequences, Naturals

VARIABLES j, V, p

TypeInvariant(W) = W € {v € Seq(Elem) : Len(v) < 10} U {Oflow}
Init = init(V)

Put = put(j, V, V)Ap' =p

Get = get(V, V', p)YNj' =]

Diff £ diff(i, V, V', o')Ai' =i

Reset = V = Offow A V' = ()

Next = Get V PutV Diff

Spec = Init A O[Nest](;, v, p)
|

Refinement is not sufficient to relate the behaviors of both machines for
several reasons:



— the signature of operations has changed: the Diff operation exports the
representation of the buffer.

— the value returned by the concrete get operation is unspecified in case of
overflow.

The substitution property allowed by refinement is lost because of the inter-
face change but performing input/output conversion is enough to keep the syn-
chronisation between concrete and abstract executions. A gluing invariant could
be that abstract and concrete buffers have the same contents when overflow is
false. Now, if the overflow flag is not memorized, a non trivial gluing invariant
could be that the contents of concrete and abstract buffers are the same if size
of the buffer is less than 10. This property is not preserved by the get operation.
The concedes relation of general retrenchment must be introduced.

5 Trace properties and retrenchments

The next paragraphs present several instances of the general definition of re-
trenchment that are close to refinement. Each time, we show how the considered
instance of the retrenchment definition can be seen as a sufficient condition for
some kind of trace refinement. It is then possible to associate temporal properties
to retrenchment.

5.1 Refinement with input/output conversion

The general definition of retrenchment can be instantiated so that a one to one
correspondence is preserved between abstract and concrete steps, but input and
output may change. The correspondence between abstract and concrete input
or output is specified by the relations I and 0. They are weaker than for general
retrenchment: they only depend on input or output values and do not refer to
the abstract or concrete states.

Definition 6 (Operation refinement with input/output conversion)

0pa T Gope = Gl ) AL(i,1) A opo(v, 0,5, p)
= Ju’,0: opa(u, v’ i,0) A G(u',v") AN O(4,7,0,p)

The two predicates I and 0 can be used to define a trace level notion of
refinement with input/output conversion which extends the usual notion of trace
refinement.

Definition 7 (Trace refinement with input/output conversion)

S.'C28: =Yg, p:8e(j,p) A (OI(i,5)) = Fo: 84(i, 0) ADO(i,j, 0,p)

The following theorem states that operation refinement with input/output
conversion is a sufficient condition for trace refinement with input/output con-
version. It simply extends the usual result.



Theorem 3 (Sufficient condition for refinement)
(Vo 1 Se.init(v) = 3u: G(u,v) A Sy.init(u)) A Sy.nezt ‘TG S,.next
= 5,098,

Exzample As an example, we can consider the operation diff of the bag example.
The input and the output of diff are redefined as bounded sequences or the
special overflow constant.

We can define I and 0 as follows:

I(i,j) = j # Oflow = i = SeqToBag(j)
0(i,§,0,p) = p # Oflow = 0 = SeqToBag(p)

This correspondence is correct if overflow is observable. The output of the con-
crete diff operation is thus supposed to return overflow if the input or the
internal state has the Oflow value.

5.2 Retrenchments as sufficient conditions for conditional
refinements

This paragraph presents another instance of the general definition of retrench-
ment which defines a notion of conditional refinement. In order to be compatible
with the trace point of view, the condition does not depend on the internal
concrete or abstract states. This notion could be combined with input/output
conversion, but we present it separately.

The following definition introduces trace refinement conditioned by an always
true property. Two equivalent definitions are given, the second one being closer
to retrenchment: it uses a concedes predicate.

Definition 8 (Conditional trace refinement)

S, CS.,/P=Vi,o:(0OP(i,0)) = S.(i,0) = S,(i,0))

=Vi,0:8.(i,0) = S,(i,0) V O-P(i,0)
The following theorem introduces retrenchment as a sufficient condition for
conditional refinement.

Theorem 4 (Sufficient condition for conditional trace refinement)

(Vo @ Se.anit(v) = Ju : G(u,v) A Sy.init(w)) A Sg.op _pC g Sc.op= S, T S./P

Ezample The implementation of an infinite bag by a bounded sequence does not
define a refinement, but such an implementation is acceptable if one can establish
that the sequence does not overflow when integrated in the considered system.
This property can be specified by a conditional trace refinement property. For
this purpose, overflow must be observed. We suppose that adding an element to
a bounded sequence returns a status (done, ovf).

Vi,o: (0o # ovf) = (S.(i,0) = S,(i,0))



5.3 Recovering synchronization

We consider an infinite buffer as abstract model and a lossy infinite buffer as
concrete model. The abstract input trace contains put and get operation calls.
The concrete input trace can also contain Loss operations. Given a concrete
execution trace, the following trace level specification claims the existence of an
abstract execution trace obtained by replacing Loss calls by get calls. As losses
take place where get operations could be performed, losses occurs on the output
side of the channel:

Vi, j,p:8.(j,p)AO(i = jV(j = LossAi = get)) = o0 : Sy (i,0)AD(j # Loss = 0 = p)

Considering retrenchment, this property can be expressed using the identity
as gluing invariant: the hidden states defining the contents of the abstract and
concrete channels are identical. Input and output conversions are used to refine
a Get into a Loss.

Losing synchronization Consider again the infinite buffer example and its bounded
implementation by a finite sequence. get is supposed to return ovf once an over-
flow has been detected. Thus, synchronization between the concrete and abstract
traces is lost. This can be expressed by the following trace refinement property
with output conversion, using the weak until temporal operator.

Vip:S:(j,p)=30:(p=0W p=ov) AS.(j,0))

Recovering synchronization. Assume the existence of a reset operation which
empties the bag and thus allows a recovery of synchronization. The new behavior
can be specified as follows:

Vi p:8.(,p)=0:0( =reset = p =0 W p =ovf) A S,(j,0))

The conditional weak until expression can be eliminated with the introduc-
tion of an auxiliary state variable: p = o must be true since j = reset has been
true and until p = ovf becomes true. The auxiliary variable m is defined to be
true during this time interval.

Vi, p,m:8.(j,p) A\mAO(m' = IF j =reset THEN true
ELSE IF p = ovf THEN false
ELSE m)
=30:0(m=0=p)AS,(j,0))

Once again, refinement with output conversion is a sufficient condition for this
temporal specification. However, the variable m must be added to the concrete
model.



Remark The transformation illustrated here becomes a proof method for the
conditional weak until operator that is applicable to B specifications. It amounts
to adding a new state variable.

6 Conclusion

Refinement gives a strategy for specifying and developing a system which con-
forms to its specification: an abstract machine expressing the desired behavior
is defined. Then, by stepwise refinements, a certified implementation is built.
Retrenchment can be seen as a new approach to implement a correct system
which extends refinement: the concrete system is created by specifying permit-
ted differences from the abstract system.

In this paper, this differential technique is used for combining two styles of
specification: abstract machine and temporal specifications. We have explored
some of the potential of this methodology. Starting from a perfect abstract sys-
tem and a temporal formula expressing differences between perfect and effective
input/output traces, a concrete system is proposed together with a gluing invari-
ant relating the abstract and concrete state spaces. Then, retrenchment provides
a proof obligation schema to validate the concrete model. We can see how this
work can be used as a way to specify safety properties of a retrenched imple-
mentation. A natural outgrowth of this work would be to extend it in order to
take into account liveness properties.
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